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Application of Method of Characteristics to Underexpanded,
Freejet Flows with Vibrational Nonequilibrium

Jennifer L. Palmer* and Ronald K. Hanson1"
Stanford University, Stanford, California 94305-3032

The method of characteristics (MOC) is employed computationally in the simulation of planar or axisymmetric,
steady, supersonic flows in highly underexpanded freejets. The gas is assumed to be inviscid and nonreacting but
may be vibrationally frozen, relaxing, or equilibrated. The ordinary-differential equations obtained by the MOC
are integrated along the characteristics by a combined second-order, explicit-first-order, implicit method in regions
of the flow with relatively rapid vibrational energy transfer (VET) and by a fully second-order, explicit method
in regions with either slow or very rapid VET. Results from MOC simulations of flows with constant specific-heat
ratios are verified by comparison with results obtained in previous MOC computations of expansion-fan flows
and with empirically based correlations giving the size of the barrel-shock structure as a function of stagnation-
to-ambient-pressure ratio. Comparisons are also made between MOC results for a vibrationally relaxing gas and
results for vibrationally frozen and equilibrated gases, to verify the computational methods used to simulate flows
with VET. The demonstrated capability for simulating underexpanded freejet flowfields represents a useful tool
for predicting the results of experiments conducted in a small-scale shock-tunnel facility.

Nomenclature
a = sound speed
C = characteristic curve (any right- or left-running

characteristic or streamline)
c = specific heat
D = nozzle throat diameter
e = energy per unit mass
g = degeneracy of an internal energy mode
h = enthalpy per unit mass
M = Mach number, total number of internal energy modes
N = total number of points or species
P = pressure
R = gas constant per unit mass
r = radial spatial dimension
T = temperature
t = time
V = magnitude of velocity vector
V = velocity vector
X = species mass fraction
x = horizontal spatial dimension
y = vertical spatial dimension
a = angle of a Mach line with respect to the x axis
/3 = angle between consecutive right-running characteristics

at the origin of an expansion fan
y = ratio of specific heats
8 = coefficient allowing generalized treatment of

two-dimensional flows by the method of characteristics
f = source term for vibrational energy
0 = characteristic temperature
9 = flow angle with respect to the x axis
p = density
T = characteristic time for relaxation
X = species mole fraction
^ = relative departure of vibrational energy of lowest energy

mode from equilibrium
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Subscripts

a = ambient condition
atom = atomic species
disk = Mach disk
froz = vibrationally frozen
/ = initial-value line
low = lowest energy
m = index of internal energy mode
n, n' = index of species
n-n' - VET from species n in collisions with molecules of

species n'
p = constant pressure
rot = rotational mode
5 = stagnation condition
trip = triple point
vib = vibrational mode or vibrationally active species
0 = streamline
+ = left-running characteristic
- = right-running characteristic

Superscripts

VET = vibrational energy transfer
V-T = vibrational-translational
V-V = vibrational-vibrational
* = local vibrational equilibrium or triple-point location that

allows satisfaction of downstream boundary condition

Introduction

T HE use of the method of characteristics (MOC), a powerful and
reliable technique for the computation of supersonic flowfields,

is well documented.1'2 In the present work, it has been applied to
the simulation of several steady, inviscid, supersonic flowfields, with
the ultimate goal of computing highly underexpanded freejets with
vibrational relaxation. The primary motivation for this undertaking
was to provide relatively simple and fast analyses of quasi-steady
freejets created in a reflection-type shock-tunnel facility used for the
development of diagnostic techniques.3 More generally, the result-
ing collection of numerical models may be used to study a variety
of planar and axisymmetric flows with important practical applica-
tions.

Figure 1 illustrates the flowfields that have been computed with
the MOC, including supersonic nozzle flows, moderately underex-
panded freejets, and highly underexpanded freejets. In each case,
the flow downstream of the nozzle throat is calculable. Any contours
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Fig. 1 Examples of flowfields calculable with the MOC.

may be used for the nozzle walls, although the current discussion
is restricted to flows with an axis of symmetry and, furthermore,
to those for which conditions at the nozzle throat are known. An-
other restriction is that the flow must remain supersonic throughout
the region of interest, which does not exclude the appearance of
oblique shocks or even the strong shock labeled the Mach leg or
disk in Fig. Ic, though a one-dimensional solution must be patched
into the model to treat the subsonic core downstream of it. Zucrow
and Hoffman2 provide a procedure for the calculation of supersonic
nozzle flowfields without discrete shocks. It has been modified to
include shocks by methods incorporated in previous MOC calcula-
tions and serves as the basis for the development of a freejet simu-
lation.

Pack4 performed one of the earliest calculations of a freejet flow-
field by the MOC, using planar geometry and a low pressure ratio to
minimize the necessary calculations, although incident and reflected
shocks were included. The flow in a high-pressure-ratio jet, includ-
ing the incident shock, has commonly been calculated upstream of
the Mach disk by the MOC.5"8 Extension of the calculation farther
downstream was attempted by several authors,9'10 before the prob-
lem of properly placing the Mach disk was solved by Abbett,11 with
a strategy that is based on physical reasoning and yields predictions
that agree with experimental results.12

Computational techniques other than the MOC have also been
used in freejet simulations.13"18 Typically, the MOC has advantages
over other methods in accuracy and in the treatment of shocks and
flow boundaries as discrete discontinuities, although MOC routines
are often considered logically more complex and computationally
more intensive.2 However, the speed and memory capabilities of
modern work stations have reduced the long computational times
traditionally associated with the MOC, and shock- and boundary-
capturing strategies have been successfully implemented in other
types of calculations.13'14> 19

The MOC has been applied to a variety of basic gas-dynamic
flows with nonequilibrium, including flow over a wedge, cone, or
blunt body20"23 and around a sharp corner.24'25 These calculations
include some of the basic features of the freejet flowfield and demon-
strate the approaches to be taken. Simulations of relaxing flows in
supersonic nozzles have also been performed,26"29 as well as in-
verse calculations in which a nozzle contour yielding a desired
outlet condition is determined.26'27 The relaxation processes in-

volve the rotational,30 vibrational,21"23'25"27 chemical,20'22"29 and/
or ionizational23'25 states of the gas, usually independently and
sometimes interchangeably. Typically, the frozen and equilibrium
conditions of the flow are investigated as bounds of the full
nonequilibrium solution. The effects of particles in chemically
nonreacting31'32 and reacting33 flows have also been studied.

Landau-Teller theory, describing the evolution of a Boltzmann
distribution of harmonic oscillators toward equilibrium with the
translational-rotational state of the gas, has been found to accu-
rately model vibrational energy transfer (VET) in most compres-
sive flows.34'35 It predicts that vibrational relaxation occurs with a
characteristic time that is inversely proportional to pressure and, oth-
erwise, purely a function of molecular parameters and translational
temperature and that the rate of energy transfer is proportional to the
deviation of the vibrational energy from its value at the local equilib-
rium condition.35 Therefore, vibrational deexcitation should occur
at the same rate as excitation, under similar conditions. However,
at very high temperatures, excitation rates in shock-tube flows have
been observed to deviate slightly from the linear theory,36"38 and
measurements of lower-level vibrational population distributions in
supersonic nozzle flows have indicated the presence of rapid relax-
ation mechanisms not predicted by the Landau-Teller equation.39"42

Rates 5-1000 times higher than those measured in excitation studies
may be necessary to match the observed relaxation times in flows
undergoing vibrational de-excitation,43 although this is not always
the case.44"46

The discrepancies in observations of compressive and expan-
sive flows were resolved with a more accurate theory of VET
that includes the effects of anharmonicity and state-dependent vi-
brational-translational (V-T) and vibrational-vibrational (V-V)
energy-transfer rates.47-48 Very rapid vibrational relaxation, as mea-
sured by changes in the populations of low-lying vibrational lev-
els of the gas species, is found to result from rapid upper-level
V-T transfer and from pumping of lower-level population to higher
levels by V-V processes. The resulting highly non-Boltzmann vi-
brational distributions, i.e., population inversions, have been ob-
served experimentally49'50 and in simulations of rapidly expanding
gases.49"53 The Landau-Teller equation is found to be a limiting
case of the anharmonic-oscillator theory, accurate for a relaxing gas
without significant upper-level populations initially present.

Several difficulties arise in any attempt to use the anharmonic-
oscillator model in flowfield calculations. Foremost among these is
the lack of adequate rate data describing level-dependent V-T and
V-V processes in mixtures of gases, e.g., air.49>52'54 Although the-
oretical models of the transition processes have been developed,
their accuracy depends on calibration with scarce experimental
data.52'53 Generally, only qualitatively correct results for vibrational
energy distributions and overall relaxation behavior are obtainable
in simulations of expanding flows. Another concern lies in the very
long computation times that would be expected in a multidimen-
sional flowfield calculation including a complete analysis of the vi-
brational state of the gas.46 Consequently, the Landau-Teller model
is often used in simulations of supersonic nozzle flowfields.27'55 An
energy-averaged definition of vibrational temperature may, how-
ever, be incorporated to partially account for the effects of non-
Boltzmann population distributions.56

In the present work, an extended linear theory including nonreso-
nant V-V transfer is employed,57 permitting a qualitative description
of vibrational relaxation in nozzle and freejet flowfields. Energy-
transfer rates, generally measured in shock-tube studies, may be
varied, i.e., multiplied by a factor of 1-1000, to examine the prob-
able effects of anharmonicity and rapid upper-level V-T processes
on the vibrational temperature characterizing the lowest vibrational
levels of each gas component. These results are likely to be as useful
in the prediction of bulk nonequilibrium effects as those from a full
analysis because of the uncertainties in the rate data.

Formulation
The equations describing the conservation of mass, momentum,

and energy for a steady, inviscid flow in two dimensions, i.e., x, an
axial coordinate, and y (or r), a transverse (or radial) coordinate,
may be written as

V - ( p V ) = 0 (1)
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DV-
and

(2)

(3)

The system of equations is completed with the perfect-gas equation
of state and a constitutive relation

P = pRT
and

h =

(4)

(5)
respectively, where cptfroz is the specific heat under vibrationally
frozen conditions, defined by

•Mrot.n

(6)

The vibrational energy of the gas mixture is given by
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where the vibrational energy of species n is

and
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Each molecular species is assumed to maintain internal equilib-
rium among its vibrational modes; thus, the Boltzmann population
distribution of each mode is characterized by the same vibrational
temperature rvib,,7.

A modified version of the Landau-Teller model, similar to that de-
rived by Taylor et al.,57 is used to represent vibrational relaxation in
a gas mixture with Afatom atomic and Nv& vibrationally active species,

where
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and
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(14)

Only single-quantum VET is allowed and the series approxima-
tion is used to account for the vibrational relaxation of polyatomic
species.58 Therefore, it is assumed that, if a molecule has multi-
ple vibrational modes, VET to and from that species occurs only
through its lowest-energy mode wiow. Rapid internal redistribution
and resonant V-V transfer in collisions with other molecules of the
same species are assumed to effectively maintain Boltzmann distri-
butions within each vibrational mode and between all modes of a

single species. The characteristic times for V-T and V-V relaxation
of species n in collisions with species n'', r;̂ _~T and r^Y, respec-
tively, are functions of the local translational-rotational temperature
and the gas pressure that refer to total VET times for all modes of
the species58'59 and must be obtained from experimental data.3 The
present numerical implementation of Eqs. (10-14) has been verified
by comparing results obtained from a simulation of the flow behind
a planar shock with the experimental data provided by Taylor et al.57

Recasting the equations in characteristic form in a manner similar
to that used for constant- y flows2 yields three equations describing
a family of streamlines (C0) and two families of Mach lines (C+ and
C_), all of which are known as characteristics, that is

defining streamlines and

dy\
— = tan(<9 ± a)
dxj±

(15)

(16)

defining Mach lines, as well as 2 + Nv& ordinary-differential equa-
tions (ODEs) that apply along the streamlines and a single ODE that
applies along each Mach line,

(17)
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and
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(19)
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(20)
along Mach lines. The ratio of specific heats and all quantities de-
pendent on it have their frozen values, i.e., y = cpjmz/(cpjmz — R),
a = </(yP/p), M = V/a, and a= sm~l(l/M), as is usually the
case in MOC simulations of flows with nonequilibrium.30 The up-
per parts of the db signs used in Eqs. (16) and (20) apply to the
C+ family of characteristics, known as left-running characteristics
(LRCs), whereas the lower parts apply to the C_ family of char-
acteristics, known as right-running characteristics (RRCs). The pa-
rameter 5, necessary to account for geometrical differences, is 0 for
planar flows and 1 for axisymmetric flows. An arbitrary point in
the flowfield, through which a characteristic of each of the three
families passes, is shown in Fig. 2.

Figure 3 shows two methods by which the flow conditions may
be determined at an interior point in the flow. In each case, the solid
lines are those that are followed by the computation, whereas the
dashed lines indicate those that are not tracked and, therefore, are
used temporarily and then discarded. In Fig. 3a, an LRC and an
RRC intersect at the location of a new data point, and the stream-
line is rearwardly projected to a line drawn between the two original
points, where linear interpolation is used to determine the properties.
To find the location of the new point and its properties, Eqs. (17-20)
are integrated along the curves defined by Eqs. (15) and (16). Alter-
natively, as shown in Fig. 3b, C_ and C() families may be tracked,
whereas the LRCs are rearwardly projected. In each case, as addi-
tional downstream points are determined, a web-like pattern, called
a solution network, is formed by the permanent characteristics. It has
been argued that in chemically relaxing flows, interpolation for the
varying chemical composition of the gas along streamlines may re-
sult in significant error being propagated downstream.2-28 For such a
problem, the grid type shown in Fig. 3b would seem to be the natural
choice. However, for vibrationally relaxing flows, interpolation for
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Fig. 2 Characteristics C+,C_, and Co at point (x,y) in the flow-
field. The streamline (Co) lies at an angle 6 with respect to the posi-
tive x axis. LRCs (C+) and RRCs (C_) are known as Mach lines and are
inclined at +Q: and —a, respectively, with respect to the streamlines in
the streamwise direction.

Fig. 3 Two strategies for tracking characteristics through the flowfield
and determining the solution at a new point: a) new data point, i.e., 4, is
formed at the intersection of C_ and C+, and Co passing through that
point is projected back to the line between the original data points, i.e.,
1 and 2; and b) new data point, i.e., 4, is formed at the intersection of
C_ and Co, and C+ passing through that point is projected back to the
line between two of the original data points, i.e., 3 and 5.

the vibrational energy is unlikely to lead to excessive error, allow-
ing the method shown in Fig. 3a to be used throughout the present
work.30

Numerical Implementation
The strategy for the numerical simulation of a steady, two-

dimensional, supersonic flow was developed by Zucrow and
Hoffman,2 who employ a master logic program that calls various
subroutines, termed unit processes, to solve an appropriate set of
difference equations describing the intersection of an RRC and an
LRC, i.e., an interior point, the intersection of two characteristics of
the same family, i.e., a shock point, or the intersection of a charac-
teristic and a flow boundary, e.g., an RRC and an axis of symmetry,
in the case of an axis point. The logic program provided by Zucrow
and Hoffman2 may be used to compute the flow in a diverging noz-
zle without shocks, and a modified version of it has been used for
nozzle flows containing shocks. Computer codes that simulate un-
derexpanded freejets with Mach diamonds and disks have also been
developed in the computer language Fortran?? (Ref. 3).

The modified Euler predictor-corrector method with iteration,
which Zucrow and Hoffman2 use to numerically integrate the
coupled set of ODEs describing a flow with constant y, is stable and
yields small absolute errors for reasonably small spatial-step sizes,
i.e., initially on the order of ^th of the characteristic spatial dimen-
sion D. Finite difference equations are obtained for computational
use of the MOC by substituting A()± or A()0 , the difference in a
flow variable between two adjacent points on C± or Co, respectively,
for d()± or d() ( ) in the characteristic and compatibility equations.
Averaged values of the flow properties between points along the
characteristics are used to evaluate the coefficients, making the cor-
rector, and thus the entire solution, of second-order accuracy. The
solution begins with a prediction based on an explicit, first-order
Euler scheme, after which corrected values of the properties of the
new point (and the location of the rearwardly projected point) are

determined from the finite difference equations. The corrector is
applied a fixed number of times or until the specified convergence
tolerance for each variable is met in successive iterations.

For isentropic flows, the subroutines provided by Zucrow and
Hoffman2 for interior, axis, jet-boundary, and nozzle-wall points
may be used directly. The inclusion of equations describing the re-
laxation of the vibrational or chemical state of the gas, however,
results in a set of ODEs that becomes stiff in a mathematical sense
when the characteristic time required to reach local equilibrium,
i.e., T, becomes small compared with the fluid-mechanical resi-
dence time, i.e., Dj(p/P) (Refs. 2 and 60). An unreasonably small
spatial-step size, hundreds or thousands of times less than normal,
may be required to maintain the numerical stability of the solution,
if an explicit numerical integration scheme is used. The number
of computations required for the simulation of a multidimensional
flowfield with active relaxation processes may, however, be greatly
reduced by the use of an implicit scheme, which allows a step size
on the order of the physical dimensions of the flow of interest, re-
gardless of the rates of energy transfer or reaction.60

A combined implicit-explicit integration scheme has been im-
plemented in the unit processes used to solve the equations gov-
erning the flow of a vibrationally relaxing gas mixture to increase
the efficiency of the solution procedure, while maintaining its sta-
bility at reasonably large spatial-step sizes.28-60The ODEs, other
than Eq. (19), are converted to difference equations by the method
already described. The relaxation equations are converted to differ-
ence equations by the same method, if the quantity Ajto/(V cos 0),
i.e., the local temporal-step size, is less than the smallest effective
VET time constant, T™{= [«M,miow - cvib.«,«low)/fn,«low]min}, or
by replacing the differentials with the first-order terms in Taylor se-
ries expansions about the downstream point,60 if Aj()/(V cos 9) >
r^T. As before, averaged values of the flow properties are used
to evaluate the coefficients in the equations, except for Eq. (19),
when Ajc0/(V cos#) > r^T, in which case the properties at the
new point are used to determine the quantity £;j,mlow/(^ cos#). If
A*0/(Vcos0) > 5 x r^{= [«MfWlow - tevib.^.J/fn.m.Jmax,
the largest VET time constant}, Eq. (19) is abandoned, and the vibra-
tional energies are simply assigned their local equilibrium values,
given by Eq. (9) with Tv\\>^n = T. Thus, a purely second-order, ex-
plicit integration method is used in regions of the flow with relatively
slow VET and in regions with very rapid VET. A combined second-
order, explicit-first-order, implicit method is used in regions with
moderately rapid VET. As Tyson60 observed, mild instability per-
sists when the temporal-step size is much larger than the relaxation
time constant because of the use of explicit integration for the energy
equation, or, in the present case, Eq. (18), which is derived from the
energy equation. Stability problems in the freejet simulations oc-
cur primarily near the nozzle lip, where large vibrational-energy
gradients exist along the Mach lines as a result of the frozen vibra-
tional state at the nozzle lip and the near-equilibrium condition at
neighboring points.

Points on shock waves are approached in a manner similar to that
used for other points, although they require the additional use of
the oblique-shock relations,1 which may be employed directly, as
the flow across the shock is vibrationally frozen, and an equation
describing the shape of the shock, similar to those given for the
characteristics by Eqs. (15) and (16). An iterative, multidimensional
Newton-Raphson technique61 is used to solve the coupled difference
equations, because of their greater number and complexity than for
points not involving shocks. Initial guesses for the flow properties are
obtained by projecting characteristics, shocks, and flow boundaries
along straight-line paths to their intersections, as is done by the
predictor of the modified Euler method. The required derivatives of
the functions with respect to each variable are obtained numerically.
The iterations continue until the convergence criteria are satisfied
or until a specified number are completed.

Solution Procedure
Several strategies may be employed to create an initial-value (IV)

line from which the MOC calculation for a vibrationally relaxing gas
can proceed. Caution must be exercised, however, because an arbi-
trarily chosen value for the vibrational energy of the gas may result
in physically unrealistic flow adjustments downstream of the nozzle
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exit.29 The simplest method of constructing a realistic IV line relies
on the assumption that the flow is uniform, slightly supersonic, and
in vibrational equilibrium at the nozzle exit. An IV line having Nt
evenly spaced points may thus be created, with M = M,-, 6 = 0, and
the other flow properties determined from the stagnation conditions
by use of the isentropic-flow relations.1 Alternatively, equations de-
scribing the one-dimensional flow of a vibrationally relaxing gas
may be integrated from the stagnation region, where equilibrium
is assumed to exist, to a position just past the nozzle throat. This
method is complicated by the fact that the mass-flow rate through the
nozzle is not known a priori and because the equations are singular
at the throat, if the calculation is based on a prescribed variation of
the area of the nozzle with distance. Although these difficulties may
be surmounted, the resulting computations are usually lengthy and
represent a level of detail frequently unnecessary for accurate simu-
lation of the flowfield downstream. Regardless of which assumption
is made about the vibrational state of the gas in the converging noz-
zle, the two-dimensional perturbation analysis of the nozzle flow-
field by Kleigel and Quan62 may be used to include the effect of the
nozzle-wall curvature by employing an average expansion coeffi-
cient, if desired.

The intersection of the RRC originating at the IV point just above
the axis with the LRC originating at the point on the axis forms
the first new data point in the flowfield. A solution that satisfies the
appropriate boundary conditions, i.e., no flow or property gradients
normal to the axis, is then determined at the point where the RRC
intersects the axis, and the first point on a new LRC is created. The
RRC originating at the next point on the IV line is extended through
its intersections with the LRC originating at the IV point nearest the
axis, the LRC originating at the IV point on the axis, and the LRC
created by the reflection of the previous RRC. It, too, is terminated
at the axis and an LRC, representing its reflection, is established.
This process is repeated for each successively higher point on the
IV line, until the solution in the area of the flow known as the IV
region is completed.

The computation is now specialized to the case of a freejet, and
the first point in the expansion fan originating at the nozzle lip is
obtained by projecting an RRC from it with a specified angular
spacing from the last RRC in the IV region. The conditions at the
nozzle lip are determined from the Prandtl-Meyer relation,1 and
the RRC is extended to the axis in the same manner as were the
previous RRCs. The creation of RRCs at the nozzle lip continues
until the pressure falls below that in the ambient region, then the flow
properties at the nozzle lip are computed from the isentropic-flow
relations,1 with P = Pa, and a final RRC is computed, completing
the simulation of the primary expansion fan. Each RRC is separated
from the preceding one by an angle /3, with the exception of the first
and second RRCs in the fan, which are spaced by fi/2 to maintain a
fairly regular grid downstream, and the final RRC, which is spaced
by whatever angle (<$) is required to satisfy the boundary condition.

The simulation continues with the reflection of the LRC nearest
the nozzle lip from the jet boundary, which requires the solution of
the difference forms of the characteristic and compatibility equa-
tions describing the LRC and the streamline along the jet boundary
with the constant-pressure boundary condition. An attempt is then
made to extend the RRC created at the reflection point to the axis
in the manner described earlier. The compression introduced at the
jet boundary, however, causes the RRC to intersect the previous one
before it reaches the axis, at which point a right-running incident
shock is inserted, and the intersecting RRCs are terminated. The
solution at the first shock point is determined by solving the char-
acteristic and compatibility equations for the two RRCs along with
those for an LRC and a streamline rearwardly projected from the
shock point and the shock-jump relations.1 The next LRC in the
primary expansion fan is then reflected from the jet boundary, and
the process is repeated until the resulting RRC reaches the shock.
LRCs are extended through the shock, creating new points on it, to
their intersections with the current RRC. When the RRC intersects
the shock wave, it is terminated and an RRC is created at the jet
boundary. RRCs located upstream of the shock may also intersect
it, at which point they are terminated as well.

For small pressure ratios, i.e., 1<Px/Pa <4, the process of cre-
ating RRCs at the jet boundary and extending them to the shock

continues, until the incident shock reaches the axis, forming a re-
flected shock at an angle determined by the condition requiring no
flow normal to the axis downstream of the reflection point. The in-
tersection of the reflected shock with the RRC just downstream of
the last point on the incident shock is then determined, and the RRC
is extended to the axis, where an LRC is formed. RRCs are created
at the jet boundary and extended to the axis, through the reflected
shock, until it reaches the jet boundary and is reflected as an expan-
sion. RRCs are then created at the origin of the secondary expansion
fan with the same specified angular separation /?, extended toward
the axis, and terminated when the flow becomes subsonic.3

The procedure for calculating the flow in a jet with a high value
of /yPfl(>4) is identical to that for a moderately underexpanded
jet, up to the point at which an attempt is made to allow the inci-
dent shock to reflect from the axis. In the Mach-disk regime, regular
reflection is impossible; a Mach-type reflection occurs instead, cre-
ating the barrel-shock structure and subsonic core shown in Fig. Ic.
The axial location of the triple point Jttrip is initially guessed and
then used as the variable parameter in an iterative procedure based
on the requirement that the quasi-one-dimensional flow in the core
become critical at a throat-like area constriction,11 whereas its radial
position rtrip is given by that of the incident shock at jtrip. The MOC
calculation proceeds as described for a low-pressure-ratio jet, until
the incident shock extends past jctrip. The flow properties and shock
angle at x^ are found by linear interpolation between consecutive
points, and a triple-shock point is inserted. The initial angles of the
reflected shock, Mach disk, and core boundary are determined by
the condition that no flow or pressure gradient exist across the slip
line. Based on the position and slope of the Mach disk at the triple
point and the requirement that it lie normal to the flow at the axis, a
parabolic curve is introduced to represent the Mach disk.

The calculation continues in a manner similar to that described
earlier for the propagation of a reflected shock, with the axis replaced
by the boundary of the core, the properties of which evolve with each
new point. When the reflected shock reaches the jet boundary, it is
reflected as an expansion fan in which RRCs are created, as before,
and extended to the core boundary. The computation of RRCs in the
secondary expansion fan continues until the core flow either reaches
a minimum area or becomes critical. If the value of xu.-lp is too small,
the flow stagnates, reaching a minimum area without becoming crit-
ical; whereas, if ̂ UiP is too large, it becomes critical before reaching a
throat-like section. The desired value of *trip, called #*ip, is that yield-
ing critical core flow at a throat-like section. However, because jc*ip
is a saddle point, the downstream boundary condition is never satis-
fied exactly, and a value of ;ctrip arbitrarily close to j*ip is obtained.11

The grid structure yielded by the procedures described earlier
for tracking characteristics through the various regions of the flow
may be examined in Fig. 4, which shows the RRCs, LRCs, and

0 1 2 3

a) Entire flowfield

b) Region just downstream of the nozzle throat
Fig. 4 RRCs, LRCs, and primary features of a freejet with 7 = |
and Ps/Pa = 100, computed with (3 = 4 deg from a uniform IV line with
Mi< = 1.01 and ty• = 6.
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primary jet features obtained from an MOC calculation of a freejet
of vibrationally frozen gas with y = | and Ps/Pa = 100, issuing
from a sonic, axisymmetric nozzle throat with radially uniform flow
properties. The simulation was performed with values of M/, Af/,
and ft yielding a grid approximately four times coarser than would
ordinarily be used, to allow the characteristics to be clearly seen.

Results
The validity of the MOC simulation for vibrationally frozen flows

may be tested by comparison of the computed Mach number along
the axis of an axisymmetric expansion fan with a correlation that
is based on a fit of flow data calculated with the MOC.63 Figure 5
shows comparisons between the correlation and the current MOC
computations with several values of p, for three values of y, i.e.,
|, |, and |. Ashkenas and Sherman63 state that the formula accu-
rately represents the flow from approximately the same lower limits
of M for the various values of y as are observed here. Departure of
the MOC results from the correlation curves at large values of M
occurs because of the increasingly large spacing of characteristics
at large x/D.A decrease in j6 (or, secondarily, an increase in Nf) ex-
tends the range over which the MOC results match the correlation.
Similarly good agreement is observed between the MOC results
and a correlation for the radial variation of the flow properties in
axisymmetric expansions.63

The computed values of jc*ip and JCdisk may be compared with
empirical correlations for the axial distance from the nozzle exit to
the Mach disk as a function of Py/Pfl, y, and nozzle exit conditions.
The correlations provide not only a simple check of the MOC results,
but also the initial guess for *trip needed to begin the simulation.
Ashkenas and Sherman63 present an experimentally based formula
applicable to a freejet issuing from a sonic, axisymmetric nozzle:
*disk/D = 0.67V(Pv/PJ, for 15 < Px/Pa < 17,000. The value
of y has no influence on jCdisk, according to this expression and
a similar one derived by Crist et al.64 for pressure ratios as high
as 3 x 105. Another empirical correlation, derived by Lewis and
Carlson,65 yields a similar relation when applied to a jet issuing from
a sonic nozzle, the only difference being an extra multiplicative term,
equal to 0.85 for y = 1.22, 0.89 for y = 1.4, and 0.93 for y = 1.67.
Ashkenas and Sherman63 also give an estimate of the radius of the
Mach disk, i.e., rtlip/jcdisk = 0.21 and 0.24 at Ps/Pa = 20 and 1000,
respectively, for y = |, which may be compared directly with the
value obtained by the MOC, i.e., r*ip.

In Fig. 6, the results of MOC simulations of freejets with y = |, |,
and |, performed with various values of /3 (<1 deg) from IV lines
with MI = 1.001 and W/ (« 25), are compared with the correlations
for x&sk/D and rtl.ip/Z) (assuming a linear variation of rtrip/^disk
with P.v/PJ. The values of x*.lp/D and x&^/D computed by the
MOC show no significant dependence on y and indicate that the
assumption of a parabolic shape for the Mach disk results in Jcdisk/D
being only slightly, i.e., < 13%, larger than Jt*ip/D over the ranges of
y and Ps/Pa considered. Excellent agreement is observed between
the MOC results and the correlations for X&&./D, which yield very
similar results, as expected.

25

20

15

10

5 -

10

xlD

15 20

Fig. 5 Comparison of MOC results with a correlation given by
Ashkenas and Sherman63 for the variation of the Mach number along
the centerline of an axisymmetric jet, i.e., r = 0.
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described by two correlations63'65 and by polynomial fits of data5'66 for

Figure 6 also indicates that the computed value of r*ip/£> at a given
pressure ratio increases with decreasing y, as Crist et al.64 observed
experimentally. For Ps/Pa > 10, values of r*ip/Z) for freejets with
y = | and | are consistently found to be ~20% less than and ~10%
greater than, respectively, the corresponding value for a freejet with
y = 1. At the lowest pressure ratio considered, i.e., Ps/Pa = 5, the
relative differences are -40% and +20% for y = f and |, respec-
tively. This observation suggests that the pressure ratio at which the
transition from the Mach-diamond to the Mach-disk regime occurs
increases with increasing y, as the triple point has nearly reached
the axis of the jet with y = |. The general trend predicted for the
radius of the Mach disk, i.e., that rtrip/^disk increases with increasing
PY/P«, is also displayed by the MOC results shown in Fig. 6; how-
ever, the value of r*[p/D (or r*ip/^disk) for y = | is underestimated
by 30-40%. Better agreement is observed between the MOC results
and fourth-order polynomial fits of experimental data for r^/D as
a function of Ps/Pa (Refs. 5 and 66). The discrepancies between
the experimental and numerical results are probably caused by dif-
ferences between the actual and assumed nozzle exit conditions.67

The MOC simulation of flows with vibrational nonequilibrium
may be partially verified by comparing the results with those ob-
tained under the assumptions of vibrational freezing and full equi-
librium. These cases bound the expected results and should repro-
duce them, in the appropriate limits. Consider an axisymmetric
freejet composed of 95% N2 and 5% NO (with @vib = 3350 and
2700 K, respectively), issuing from a reservoir with Py = 3 atm
and Ty = 3000 K, through a converging nozzle with D = 5 mm, into
an ambient region with Pa = 0.03 atm. The flow has been simu-
lated by the MOC with Mt = 1.01, Nt « 25, and 0.7 < ft < 0.8
deg. VET rates ranging from the base values obtained from the
literature3'34'57 to values 103 times as high are used, although, in
each case, vibrational equilibrium is assumed to exist upstream of
the nozzle exit, to simplify interpretation of the results. A version of
the MOC procedure developed for vibrationally equilibrated flows
has been used to simulate a freejet with identical nozzle exit condi-
tions, by the use of an IV line with M/ ,= 1.0496, rather than 1.01,
required because of the difference in the sound speeds calculated
under frozen and equilibrated conditions.3 An MOC computation
for a freejet with y = |, P, =2.965 atm, and Tx = 3106 K has also
been performed, using the characteristic and compatibility equa-
tions appropriate for vibrationally frozen flows.3 The small changes
in the stagnation properties from those used in the other simulations
are necessary to create equivalent conditions at the nozzle exit.

Figure 7a illustrates the slight variations in the locations of the
primary jet features caused by changes in the model used for
the vibrational state of the gas; Fig. 7b shows the predictions of
the translation-rotational temperature, i.e., T, and the vibrational
temperatures for N2 and NO, i.e., rvib,N2 and rvib,No, respectively,
as functions of normalized distance along the jet axis. These results
verify that the flow equations are correctly implemented in the MOC
computation with vibrational nonequilibrium, insofar as its results
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equilibrated

a) Primary features

3 -

O 2

O 1
E-H

10

x/D
b) Axial profiles of translational-rotational and vibrational tempera-
tures
Fig. 7 MOC results for freejets of 95% N2 and 5% NO with Ps/Pa w
100 under vibrationally frozen, relaxing, and equilibrated conditions.

fall between those obtained for frozen and equilibrated flows, in a
logical order, according to the magnitude of the VET rates.

The general trends for rvib)N2
 and T^NO seen in Fig- 7b also fol-

low those observed experimentally in a nozzle flow68 and are con-
sistent with the behavior anticipated from studies of VET behind
planar shock waves.57 Specifically, the vibrational state of the gas is
expected to relax most efficiently in the high-pressure regions of the
flow, near the nozzle exit and in the subsonic core. As the gas travels
through the primary expansion, the rapid declines in pressure and
temperature cause a near cessation of VET and the vibrational ener-
gies freeze. Strong V-V coupling, present because of the relatively
small difference between ®Vib,N2

 and ®vib,No> governs the relaxation
process, effectively increasing the rate at which N2 relaxes and slow-
ing the rate of NO relaxation. Final values of rvib>N2

 and ^vib.No in the
expansion that are lower and higher, respectively, than they would
be in the absence of V-V energy transfer result. However, as the
coupling is incomplete, i.e., T^-UO *s finite*tne final, frozen values
of rvib)N2 and rvib)NO differ by an amount dependent on the degree
of relaxation toward equilibrium with the translational-rotational
modes of the gas. rvib)NO is consistently closer to T than rvib)N2 is,
because the self-relaxation rate for NO is orders of magnitude higher
than that for N2.

An increase in the scale of the flow, i.e., D, or in its overall
pressure, i.e., Pv>and Pa, has an effect identical to a proportional
increase in the VET rates. However, for given VET rates and fixed
values of D and Pv, an increase in the mole fraction of NO magnifies
the effect of V-V coupling, making the relative differences between
rvib,N2 and rvib)NO smaller, as well as increasing the overall relaxation
rate of the gas.

Conclusion
In this work, the partial-differential equations describing the

steady, two-dimensional flow of a perfect gas undergoing vibrational
relaxation were transformed to ODEs applicable on characteristic
coordinates, thereby permitting the relatively simple computational
solution of several supersonic flow problems. The MOC was im-
plemented numerically to simulate a highly underexpanded freejet
flow with vibrational nonequilibrium, in addition to being applied to
freejets of gases with complete vibrational freezing or equilibrium.
In regions of the flow where the smallest effective VET time con-
stant was comparable to the temporal-step size, i.e., (spatial-step
size)/velocity, in a steady flow, an explicit method of integration
with second-order accuracy was used for the equations of motion

and an implicit method with first-order accuracy was used for the
equations describing vibrational relaxation. Elsewhere in the vibra-
tionally nonequilibrated flow simulation and in the entire calculation
of the flow of a vibrationally frozen or equilibrated gas, the equations
were integrated by a fully second-order-accurate, explicit method.

A comparison of the MOC results with a correlation for the flow
properties along the axis of an axisymmetric jet demonstrated that
the computational techniques were valid for vibrationally frozen
flows and indicated the maximum angular spacing of the character-
istics launched from the nozzle lip required to maintain the accuracy
of the solution downstream, where the grid resolution fell due to the
spreading of the Mach lines with increasing flow speed. Empirically
based correlations giving the length of the barrel-shock structure as
a function of pressure ratio were compared with the results of the
MOC simulation and found to be in excellent agreement with them.
Good agreement was also observed between the MOC predictions
and experimental data for the radius of the Mach disk, although dis-
crepancies likely attributable to inaccuracies in the shape of the IV
line remained.

Results from MOC simulations of a freejet under vibrationally
frozen, relaxing, and equilibrated conditions were compared to ver-
ify the approach used for flows with active vibrational relaxation.
It was shown that, in the appropriate limits, the results agreed with
those obtained for vibrationally frozen and equilibrated gases. Al-
though these findings are encouraging, full validation of the sim-
ulation technique for two-dimensional flows would require com-
parisons with experimental data that are beyond the scope of the
present discussion and that, to a large extent, would depend on the
accuracy of the VET rates used. However, the simulation techniques
demonstrated here provide a laboratory tool useful for examining
the effects of vibrational relaxation and for planning and predicting
the results of experiments conducted in freejet flows.
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